HYDROELASTIC ANALYSIS OF FLOATING PLATE OF FINITE DRAFT
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Summary

The paper considers the diffraction of incident surface water waves by a very large floating platform. The problem is solved for
the case of finite water depth. The platform is of finite draft and modeled by an elastic thin plate. We consider the half-plane
problem; the approach may be extended to the plates of other horizontal planform. The deflection of the plate is represented as the
series of the solutions with respect to draft; we present the first and second term. Each of these terms can be written as the series
of exponential functions. We obtain reduced wavenumbers and derive the sets of equations for corresponded wave amplitudes.
Results obtained for the plate of finite draft are compared to the results obtained with use of zero-thickness assumption.
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Abbreviations: VLFP - very large floating platform, IDE - integro-differential equation.

1 Introduction

The plate-water interaction is an important subject of the hy-
drodynamics, widely studied during last years. A very de-
tailed literature survey for the hydroelastic analysis of VLFP
has been published recently by Watanabe et al. [1]. There
are several approaches used to describe the interaction between
VLFP and surface water waves. Usually, VLFP is modeled by
a thin elastic plate.

The solution for the case, when the plate thickness is as-
sumed to be zero, has been derived by authors, published in
[2] and presented at 17th IWWWEB. In this paper we study
the plate of finite thickness and draft.

2 Formulation

The semi-infinite plate of finite draft covers the part of the sur-
face of the water, which is assumed to be an ideal incompress-
ible fluid of finite and constant depth. The plate deflection is
generated by incoming surface waves propagated in positive x-
direction. The geometry and the coordinate system chosen are
shown in figure 1.

Parameters of the plate and characteristics of the material:
pp - density, m - mass of unit area, D - flexural rigidity, &,
- thickness, d - draft. The mass per unit area is m = pph,,
D is the flexural rigidity, expressed in terms of the Young’s
modulus E, Poisson’s ratio v and the plate thickness h,, D =
Eh /12(1—V?).

The water and wave parameters: p,, - density, & - depth, A
- wavelength, ko - wavenumber, ® - wave frequency, A - wave
height. We take the zero angle of incidence B; transition from
the perpendicular waves case to the oblique waves case is not
difficult.

Further, D = D/p,,g, u = m®?/p,,g are introduced struc-
tural parameters, constant as isotropic plate is considered; the
flexural rigidity and bending stiffness of the plate are constant.

The wave height A is smaller than the plate thickness &,,.
Therefore, there is no cavity between wetted surface of the
plate and water surface.

With the usual assumptions of an ideal fluid and small
amplitudes, the velocity potential can be written in the form
D(x,y,2,t) = 0(x,y,z7)e . The potential ¢(x,y,z) is a solu-
tion of the Laplace equation in the fluid, —h < z <0,
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Figure 1: definition sketch of the problem.

together with the boundary conditions on the free surface z =0,
on the bottom z = —h, ¢, = 0, and on the floating plate wetted
surfaces, which are horizontal P (x > 0,z = —d) and vertical
VS (x=0,—-d <z<0),see,e.g.,[1].

Using the thin plate theory, we obtain the following expres-
sion for the total potential ¢ at the plate area

(DA* —p+1)0,—K$=0, @)
where K = ®? /g. For the open water area, we have
0, —Kop=0. (3)

The potential of the undisturbed incident wave ¢'"° is given by

q)inc (x7 Z) _ coshko (Z + h) &

coshkoph 1®
For the water of finite depth, the wavenumber kg is the only
real solution of the water dispersion relation

kitanhk;h = K. 5)

The wavelength of incoming waves is A = 27/k¢. The diffrac-
tion potential, which equals ¢ — ¢, must satisfy the Sommer-
feld radiation condition at infinity.

The linearized free surface kinematic condition gives us the
following relation between the potential and deflection

0:(x,2) = —iow(x). (©)

The free horizontal edge of the plate is free of vertical forces,
bending and twisting moments, and the free edge conditions at
y=0are

eikox, 4)

*w B 3w
ox2  ox3
as the direction of the normal n coincides with the direction of

x-axis. The condition at the vertical surface of the plate edge
x = 0 has the form

=0, )

0 =0. ®)

2A.J.Hermans@EWI.TUDelft.Nl, ta.twi.tudelft.nl/mf/users/hermans



3 Solution

With use of the thin plate theory and Green’s theorem we ob-
tain integral equation for the potential and, further, IDE for the
plate deflection. The key idea of our approach is adding of
a correction, which is dependent on draft, to our solution [2],
obtained with the zero-thickness assumption.

As in the case of zero draft [2], we write the deflection of
the plate of finite draft in the form

= Y ane®, ©)
n=0

where the amplitudes a,, and reduced wavenumber x,, are un-
known. Each term of the series represents corresponded wave
mode. Due to the convergence of the series in (9) a finite num-
ber, M, of wave modes is taken into account. However, now
the amplitude is written as a power series with respect to small
value of the draft as follows

an=al) +dalV + 0(d?). (10)

To avoid secular behavior of the amplitudes, as in the PLK
method [4], we also expand the reduced wavenumber K, as
power series

o =x (1+a)) + 0(@). (1

Terms aﬁ,o), aﬁ,l) and KS,O), K,()) of the corresponded series are of
zero and first draft orders respectively. The plate deflection (9)
may be rewritten as the sum of zero order draft solution (with
a correction term in the exponential function) and first order
draft solution

w(x) = wO(x) +awV (x), (12)
where w@ (x), g = 0,1, has the form
M (0) (1)
W@ (x) = Y aife™ (L) (13)

n=0
For the case when thickness is assumed to be zero [2], the
deflection w(®*) (x) is represented in the form

M
i (0)
= Z Cl;(ILO)elK” *

n=0

w(®) (x) (14)

We introduce the Green’s function for a source within the
fluid, and apply the Green’s theorem for the potential in open
water and plate areas. The total potential ¢ satisfies

. ag
21 = 21 + (¢— )dC+ (
L5 /e
(15)

The normal derivative of the potential, ¢,,, for vertical surface,
as the normal coincides with x-axis, becomes 0,, that equals 0
due to (8). For horizontal surface, whereas the normal coin-
cides with z-axis, the potential normal derivative becomes ¢,.
Thus, for the potential in the plate area the following approxi-
mate integral equation is derived

an)(x, —d) = an)inc _dq)(o’o)%(&),o’o)
[ 9G(x,0:8,0) 90(&, —d)
o/ O )
2 J—
+2d/g(x70;§,0) <a q)g&é . +Ka¢(gc )) dg, (16)
0

gan> d&.

where the two-dimensional Green’s function at the free surface
has the form, see [3],

coshkh

ik(x-)
/ ksinhkh — Kcoshkh - dk-

g(x,O;ﬁ,O) =

A7)

Using the relations between the potential ¢(x, —d) and its
derivatives and the deflection w(x), we obtain the following
integro-differential equation for the plate deflection

{Q)%—y—kl}w(x)
/gon_,o { a§44

where the function Fy contains terms from the first and third
lines in the right-hand side of (16). If we insert expressions
for the deflection (9) and Green’s function (17) into IDE (18),
keeping a, and K, in the general forms, the following equation
is derived

u}w@)da:Fo, (1)

& 4 KX K [ 4 ik, &
ZZ)(Q)KH—,U—FI)ane —|—ﬁ/z‘6(ﬂ)l(n—,u)ane
n= 0 n=

=)

coshkh ike(x—

E) apdf —
x / Ksnhkh —Keoshin® - akds=Fo.

19)

Next, the integration with respect to & has to be done. The
k-integral can be solved by means of the residues at the poles
k = x, and k = k; of the complex plane

M . M
Z (Q)Ki —u+1)ae™ +K Z (Q?Kf,' —u)ay
n=0 n=0
eiknX kieiki"
=K 20
8 (KntanhKnh—K+iz;')(Kn—ki)i7Q> o G0
where the introduced functions %; fori =0,...,M — 2 are
% = K(1 — Kh) +k2h. Q1)

Then we rewrite the amplitudes a, in the form (10) and
obtain the following extended expression

M
Z (Q)Ki —u+1) (aﬁ,o) + dag,l)) elkn¥
n=0
M i -1
+K Y (D) —u) (ah +da)) e
n=0

——=F (22
K, tanhk,h — K > (22)

where the function F is the sum of the original functon Fy plus
the contribution of the poles k = k; in (22):

M-2 alkix
F = Aelk()x KZ Q)K — )((l;l +d )Z Kk—eik)']g
M-2 12 lkx
—|—d2( ,u—|—1 (aS,)—Fdan)Zk%

+2d Z (D6}~ 1) 2= K] () + )
n=0

eiKn)c

ki eikix
. 23
+ KntanhKnh—K> (23)

M-2
. (ZO (kn— ki) K




4 Zero draft order

Now we distinguish terms of zero draft order, that allows us to

find KS, ) and, later, aS, ) Analyzing the left-hand side in (22)
and collecting O(d”) terms, we obtain

Y. 706"l -
n=0

M M-2 ikx
Aelhor K Z (@Kﬁ — /J) ag,o) kie

N (24)
R CETE
where the function ¥ (k,) has the form
DK} — u+1) K, tanh i, h — K
7o) = & ) tanb (25)

Kntanhk,h — K
In the nominator of the function ¥ (k,) we have the dispersion
relation in the plate region of zero draft order, which is

(@Kﬁo)4 —u+ 1) '\ tanh ki = K. (26)

Making M the truncation parameter of the problem, we take

(0)

into account M + 1 roots ;' of the plate dispersion relation
(26) and M — 1 roots k; of the water dispersion relation (5).

Then, the set of equations for the amplitudes aﬁ,o) may
be obtained if we consider the coefficients of the exponential

function e’*, The obtained M — 1 equations are

M Y

where i =0,....M —2,and Ag = —A, A; =0 for i > 0. The rest
of equations are obtained from the free edge conditions (7):

M
¥l <0, Y el <o
n=0

The set for aﬁ,o) consists of M + 1 equations (27)-(28), hav-
ing exactly the same form with one derived for the case of
zero-thickness assumption in [2]. In such a way, the deflec-
tion function w(®*)(x) can be computed by formula (14).

= A, 27)

(28)

5 First draft order

Next, we consider the terms of first draft order in the extended
IDE (22). Terms, containig K, — k; in the denominator in (23),
result in extra terms of O(d'). The first draft order equation
becomes

M (0) ik
y ) (1), 9F (Ka') (0) (1) (0) et _
<T(K" "+ 0K, Kn K " K,tanhk,h — K

M ik; (0) (1) (0)
KY (2 ) T [l S

_ iex (0
M-2 k'elk,xa;)

—u+ 1) K;O)Z _Kz} ;) (Kg:o) - ki) p

+2 Z [(Q)K,,

iK,x (0)

+22{(@Kn —/1—&-1)1(5,0)2—1{2} " an

—— (29
Kntanhk,h — K (29)

Function ¥ (k,), having the form (25), has been rewritten as

GT(K,, ) NOMY

F (k) = F (<)) +d oK K +0(d*. (30)

Doing some operations and considering the coefficients of
e'™*the following relation is obtained for reduced wavenum-

(1)

bers of first draft order x;,

N [(@K§,°>4 et 1) K02 _ KZ}

K ' = ; 3D
K Q)
Q(KS,O)) = (Q)Kﬁ,o)4 —u+ 1) KS,O)/’I
n (5@1<E,°J4 ot 1) tanhk V% — KhtanhkcPh (32

It is seen from (31), that KS,U ~ O(2/h), and also that for real-

istic values of the draft and wavelength dKS,l)

expect. The nature of KS,U is the same with corresponded KS,O)

for n = 0,1,2: they are purely real when n = 0, and are com-

plex roots when n = 1,2. But for n > 2 KS,U

while

< 1, that one can

are purely real,

are purely imaginary roots.
Knowing KS,U and aS,O) , the deflection function w(© is com-

puted by formula (13) Then, the amplitudes aS,l)

(0) (1)

may be found

with use of (29), an ,Kn ~ and K, ’. The equations to determine
aﬁl ) have the following form fori =0,...,M —2
M 4 ki ikix
K Z (@KSIO) —H) (O)Ie aS,l)
n=0 (K,, — k,-) K
M 0) (D)7 ikx
_x Z (@K£°)4 —u) Kn Ky kle2 a©
a=0 (k) %
M 2 Jikjx
0* _ kie™™ (o)
+ DK, u+1)—-——ay
X ( )%
5 kieik,-x (0)
+2 Z (o6 = 1) -k S 33)
(Kn - kt) ‘]Q
and are supplemented by the free edge conditions
M 2 M 2
Y = 23 O, g
n=0 n=0
M 3 M 3
Y i a) = -3 Y P xal?. (35)
n=0 n=0
We may note, that coefficients of the amplitudes aS, ) and aS, )

in the corresponded sets of M + 1 equations are the same. The
set of equations (33)-(35) of first draft order allows us to find

the amplitudes ag,l) and, then, the deflection term w(l), Hence,
the total deflection can be computed by formula (9).

6 Results & discussion

The number of the roots KS,O) and, correspondingly, Kﬁ,l), which

are taken into account, is M = 30. It provides sufficient accu-
racy. We take Poisson’s ratio v = 0.25, ratio m/p,, = 0.25 m,
and wave height A = | m as constant. Hence, results shown
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Figure 2: w, w), w(© ). for h=10m, D =10"m%, [ = 1000 m,
A=200md=1m
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Figure 3: w, w09 (0) (D). ¢ in figure 2, for h = 100 m.

are for the real part of the deflection, normalized by the wave
height. Results for w are plotted against x/I, where / is the
length of the plate part considered. Four curves in figures 2-4
represent: the total deflection w, deflection for the case of zero
draft (zero-thickness assumption) w(%%) | the deflection terms of
zero w(® and first w(!) draft orders.

In figures 2-3 results are shown for the realistic values of
the plate rigidity (as for VLFP) for shallow and rather deep
water. In figure 4 results are plotted for low rigidity (an ice
field). We may see the shift, when w(®*) and w(®) are compared;
the direction of shift may be different for shallow and deep
water (to the left and to the right respectively).

Results for the total deflection w for different values of the
draft are given in figure 5. The difference between the total
deflection w for finite draft and the deflection function w(o*),
and direction and value of the shift (w(®) and w(®*)) is highly
dependent on the draft value. The draft has sufficient influence
on the results, especially for the plate of low rigidity. For real-
istic values of the plate rigidity and draft (as for VLFP), water
depth and wavelength, the influence is not so large though.

7 Conclusions & summary

The problem of the diffraction of surface water waves on the
floating flexible plate of finite draft is solved. The analytical
and numerical study for the plate hydroelastic behavior is pre-
sented. The plate deflection is represented as the series of the
solutions with respect to the draft. The problem is solved with
use of the thin plate theory, Green’s theorem and derived IDE.
The correction, appeared due to nonzero thickness, is studied.
Other unknown parameters, such as the free surface elevation,
reflection and transmission coeficients may be studied as well.

-0.3

0

Figure 4: w, w(®) w(© (). for h=100m, D =105mn% [ =300m,
A=60md=1m
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Figure 5: plate deflection w; for different draft values and h = 100 m,
D=10"m% 1 =1000m A =100 m.

For the case of shallow water this problem may be solved with
use of the Stoker approximation theory.

This is the new extension of our method, which has pre-
viously been applied to the plates of (assumed) zero thick-
ness. The approach presented may be rather straightforward
extended to the case of oblique incident waves or to the strip
of finite width and infinite length. Also, the approach can be
extended to other horizontal planforms of the plate: circular
and ring-shaped, quarter-infinite, rectangular finite, etc.

More details, information and results will be presented at
the Workshop.
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